We show that for rigid symmetric top molecules in electric fields the phenomenon of monodromy arises naturally as a ''defect'' in the lattice of quantum states in the energy-momentum diagram. This makes it impossible to use either the total angular momentum or a pendular quantum number to label the states globally. The monodromy is created or destroyed by classical Hamiltonian Hopf bifurcations from relative equilibria. These phenomena are robust and should be observable in quasi-symmetric top molecules with field strengths E satisfying E/bϾ4.5, where is the dipole moment and b the rotational constant perpendicular to the symmetry axis of the molecule.
I. INTRODUCTION
A recent major advance in molecular dynamics has been the extensive use of electric fields to orient molecules in order to study spatial effects in reactive scattering, spectroscopy, and photodissociation. [1] [2] [3] [4] [5] [6] [7] [8] [9] This method, known as the brute force technique, was initially applied to linear and diatomic molecules and then extended to symmetric and asymmetric polar molecules. A molecule in a moderately strong electric field exhibits two different regimes: pendular motion about oriented states at low energies and almost free rotational motion at high energies. The former quantum states can be labeled by a pendular quantum number, while the latter are labeled by the usual total angular momentum. This system is a quantum realisation of the Lagrange top which is one of the most fundamental classical systems with monodromy. 11, 10 When the energy levels of the quantum states are plotted against a conserved quantity, such as the projection of the total angular momentum onto the direction of the electric field, then it is observed that some series of levels with the same total angular momentum or same pendular number display a characteristic kink. Moreover, if the constant total angular momentum series are smooth, then the constant pendular quantum number series have a kink and vice versa. A similar kink phenomenon occurs for rotating bending states of quasilinear molecules for which it is possible to use either the quantum labelling for bent molecules (,K) or that for linear molecule (n,l). 12 It has been shown that for both linear molecules in electric fields and quasilinear molecules this behavior is due to the presence of monodromy. 12, 13 It should be noted that the monodromy is a universal phenomenon but the kink is not. For integrable classical mechanical systems with two degrees of freedom monodromy is an obstruction to the existence of global action angle variables 14 and is present whenever the energy-momentum map has a singular fibre in the form of a ''pinched torus.'' [15] [16] [17] [18] Monodromy has been studied in a variety of model systems, including the ''champagne bottle'' or ''Mexican hat'' potential, 19 the spherical pendulum, 10, 20 and the Lagrange top. 10, 11 In quantum systems monodromy is revealed by the lack of a uniform smooth set of quantum numbers for labelling quantum states localized near the pinched torus. This has been demonstrated for the spherical pendulum 21 and the champagne bottle potential. 13 Monodromy has also been discovered in one of the most basic atomic systems: hydrogen atom in orthogonal electric and magnetic fields. 22 A general semiclassical theory relating quantum and classical monodromy is given in Refs. 23, 24 and further applications to atomic and molecular systems in Refs. [25] [26] [27] .
The appearance of monodromy in classical mechanical systems is closely related to the occurrence of Hamiltonian Hopf bifurcations of relative equilibria. 28, 29 In our case, a relative equilibrium of a molecule is a steady motion in which the molecule rotates about a fixed axis without changing its shape. It is therefore an equilibrium state in an appropriate rotating frame. Relative equilibria have been used as ''organizing centers'' for molecular spectra at high angular momenta in much the same way as equilibria are used for vibrational and low angular momentum spectra. [30] [31] [32] [33] [34] They appear in families parametrized by total angular momentum and typically undergo a number of bifurcations as the angular momentum is increased. Hamiltonian Hopf bifurcations occur when two normal mode frequencies become equal and then complex, resulting in loss of stability. This is not uncommon: any given rotating molecular system is likely to exhibit several such bifurcations as the angular momentum is increased. 33, 34 Of course molecular systems are not integrable. However integrable approximations often provide useful models. For example, the monodromy present in linear molecules in electric fields and quasilinear molecules can be explained using approximations by the spherical pendulum and champagne bottle potential, respectively. 12, 13 In the case of Hamiltonian Hopf bifurcations normal form theory introduces extra approximate symmetries and conserved quantities near the bifurcation point and these can be used to construct local integrable approximations. 28 None of these approximations will be valid globally.
In this paper we study bifurcations of relative equilibria and the quantum monodromy of a rigid symmetric top with an electric dipole in an electric field. This is an integrable approximation used to model the orientation of quasisymmetric top molecules by electric fields. It is mathematically identical to the Lagrange top, which is known to have a Hamiltonian Hopf bifurcation. 10, 28, 35 Its conserved quantities include the angular momenta about both the field axis and the symmetry axis of the body. In applications to quasisymmetric top molecules the angular momentum about the symmetry axis will only be conserved approximately. The paper has several aims, including a description of the quantum monodromy of the Lagrange top using its relative equilibria as a ''skeleton,'' a description of the effect of the Hamiltonian Hopf bifurcation on quantum monodromy, some remarks on perturbations away from complete integrability, and, perhaps most importantly, a discussion of the implications of these results for the spectroscopy of quasisymmetric molecules in electric fields.
In Sec. II we describe the stability and bifurcations of relative equilibria of axisymmetric rigid bodies in electric fields, recalling earlier results on the Lagrange top. 11, [35] [36] [37] [38] In Sec. III we present plots of the energies of quantum states against the angular momentum about the symmetry axis of the body and show how the structures observed are organized by the relative equilibrium bifurcation diagrams of Sec. II. This is followed by discussions of the effects of perturbations away from symmetry and the critical field strength needed to observe monodromy.
II. CLASSICAL THEORY
The Hamiltonian for a rigid top molecule with a dipole of strength parallel to the molecular z-axis in a static electric field of strength E can be written as
where the J ␣ are the projections of the total angular momentum onto the molecule fixed axis system and the angle is the angle between the molecule z-axis and the electric field axis. Small letters are used for the rotational constants to avoid confusion with traditional capital letters which normally assume AϾBϾC. We allow for a, b, and c any physically possible values but restrict the z-axis to be fixed along the dipole. Then a top which is symmetric about its dipole axis satisfies bϭc. Following convention, the rotational constants have the dimension of energy while the angular momentum is dimensionless. The Hamiltonian of a symmetric top in electric field is commonly expressed in dimensionless form by
where ␥ϭa/b and the new dimensionless field parameter ϭE/b. The rotational constant a is half the inverse of the principal moment of inertia about the symmetry axis and b is half the inverse of the orthogonal principal moment of inertia. Prolate molecules are given by ␥Ͼ1 and oblate molecules by ␥Ͻ1. Let nϭ(n x ,n y ,n z ) be a unit vector in the field direction referred to the molecular axis system. Note that n z ϭcos . The Hamiltonian ͑2͒ is invariant under both rotations about the field axis in the space fixed frame and rotations of the molecule about its symmetry axis. The corresponding conserved quantities are the angular momenta of the molecule about the two axes, mϭJ.n and kϭJ z , respectively. This makes it possible to reduce the original three-dimensional problem to a one-dimensional system. However in this paper we will usually describe classical bifurcations and quantum spectra by fixing m and allowing k to vary. This makes the problem effectively two dimensional. Such a view is natural since for real molecules k will only be approximately conserved.
A. Relative equilibria
The classical equations of motion for the Hamiltonian ͑1͒ can be written as, 10, 11, 39 
For an axisymmetric rigid body the relative equilibria are the solutions of these equations for which the motion consists of steady rotation about its symmetry axis combined with steady rotation of the symmetry axis about the field axis. Equivalently, the relative equilibria with angular momenta J z ϭk about the symmetry axis and J.nϭm about the field axis are the critical points of H constrained to the surface, The P and AP relative equilibria are those for which the field and molecule symmetry axes are aligned. For the AP relative equilibrium the dipole is opposite to that of the electric field, while for the P relative equilibrium they are the same. We therefore refer to them as being antiparallel and parallel, respectively. For J xy 0 the field and symmetry axes of the T k relative equilibria are not aligned and so we refer to them as tilted relative equilibria. The parallel and antiparallel relative equilibria are limits of families of tilted relative equilibria as J xy →0. For k Ϯm there exists a unique tilted relative equi-librium. When kϭm there are no genuine tilted relative equilibria. The same is true for kϭϪm if ͉m͉уͱ2, but if the inequality is reversed there exists a unique tilted relative equilibrium in addition to the anti-parallel relative equilibrium. This is illustrated in Fig. 1 , where the angle is calculated for various k and but fixed projection mϭ5 using Eq. ͑7͒. The results for other values of m are qualitatively the same. The parallel and antiparallel relative equilibria are indicated by empty and filled circles respectively. Note that does not depend on the ratio ␥ϭa/b. When the field is small both P and AP relative equilibria lie on a curve of tilted relative equilibria. However when exceeds m 2 /2, the antiparallel equilibrium bifurcates and becomes isolated. In this latter case the angle for a tilted relative equilibrium achieves a maximum when the ratio m/k is less than Ϫ1. The maximum tends to /2 as the field strength increases.
Among the tilted relative equilibria T k we distinguish those which give extrema of the energy as k is varied. These correspond to relative equilibria for which the angular velocity about the symmetry axis of the molecule is 0. Calculations show that for each fixed m and there is at most one of these, which we denote by T. The set of P, AP, and T relative equilibria is parameterized by m and can be tuned by the field strength parameter .
B. Linear stability of P and AP relative equilibria
In this section we discuss the stability of the P and AP relative equilibria, considered as equilibrium points of the restriction of the Hamiltonian ͑2͒ and equations of motion ͑3͒, ͑4͒ to J.nϭm, n.nϭ1. Near the P and AP relative equilibria we can take J x , J y , n x , and n y as coordinates and the linearized equations of motion are then
where ⑀ϭϩ1 for the parallel relative equilibria and Ϫ1 for the antiparallel relative equilibria. A straightforward calculation shows that the normal mode frequencies are the square roots of the eigenvalues of the matrix,
These are given by
The relative equilibria are therefore linearly stable if and only if both these expressions are real and positive.
To each of the normal modes with a real frequency we also assign the index (ϩ1) or (Ϫ1) according to whether the energy of the normal mode increases or decreases as its amplitude increases. We similarly label unstable normal modes with complex frequencies by ͑0͒. Relative equilibria which minimize the energy ͑for fixed m, but variable k) are necessarily of type ͑1,1͒.
For ␥ 1 and sufficiently small electric field both P and AP configurations have only real frequencies and so are linearly stable. If the molecule is oblate then they also minimize the energy and so are both of type ͑1,1͒. If the molecule is prolate then they are saddle points of the energy and of type (1,Ϫ1). However as the field strength increases the relative equilibria may change stability and undergo bifurcations. The points where these changes occur depend only on ␥ and /m 2 and are summarized in Fig. 2 . The frequencies of the P relative equilibria are always real, ⍀ ϩ is always strictly positive but ⍀ Ϫ is equal to 0 when /m 2 ϭ2␥(␥Ϫ1). The index of the corresponding normal mode is (ϩ1) for /m 2 Ͼ2␥(␥Ϫ1) and (Ϫ1) if the inequality is reversed.
The frequencies of the AP relative equilibria are real if and only if /m 2 р1/2. If this is satisfied, then ⍀ ϩ is always strictly positive but ⍀ Ϫ is equal to 0 when /m 2 ϭϪ2␥(␥ Ϫ1). The sign of the corresponding normal mode is (ϩ1) for /m 2 ϽϪ2␥(␥Ϫ1) and (Ϫ1) if the inequality is reversed. At /m 2 ϭ1/2 both normal mode frequencies become equal and for /m 2 Ͼ1/2 they are strictly complex and the relative equilibria have type ͑0,0͒.
C. Bifurcations from P and AP relative equilibria
Each of the stability changes described above has bifurcations associated with it. Along the curve /m 2 ϭ2␥(␥ Ϫ1) a normal mode frequency of the P relative equilibria goes through 0 and the tilted relative equilibria T bifurcate. The T relative equilibria exist for /m 2 Ͻ2␥(␥Ϫ1) and there they minimize the energy and so have type ͑1,1͒. Similarly, along the curve /m 2 ϭϪ2␥(␥Ϫ1) a normal mode frequency of the AP relative equilibria goes through 0 and again a family of T relative equilibria bifurcates. These exist for /m 2 ϽϪ2␥(␥Ϫ1) but are now saddle points of the energy and so have type (1,Ϫ1 These bifurcations can also be seen in the energymomentum diagrams in Figs. 4 and 5. The solid curves are the energies of the T k relative equilibria, plotted as functions of k with m held constant in each diagram. The filled circles are the corresponding energy-momentum values of the P (k ϭm), AP (kϭϪm), and T (k Ϯm) relative equilibria. ͑The dashes are quantum energy-momentum levels and will be discussed in the next section.͒ Figure 4 shows a sequence of energy-momentum diagrams for a prolate molecule (␥ϭ2) for fixed ϭ50 and increasing m. Note that qualitatively this is equivalent to fixing m and decreasing . They can be regarded as a succession of two dimensional sections through the analogous three dimensional diagram with energy, k and m along the axes. The full diagram is shown in Refs. 10, 11. As m increases the P relative equilibrium changes from being a mini- mum of the energy to a saddle point as a T relative equilibrium bifurcates from it and becomes a minimum. It follows that a mechanism for selecting specific m states could be a way to create oriented states with different ͑see Fig. 1͒ simply by cooling the molecular beam.
Meanwhile the AP relative equilibrium moves closer to the line of T k relative equilibria and then ''sticks'' to it. At this point it gains linear stability, though it is still a saddle point of the energy ͑two real frequencies with opposite signs͒. This is the Hamiltonian Hopf bifurcation. Figure 5 shows an analogous sequence of diagrams for an oblate molecule (␥ϭ0.8) in the same field. In this case the P relative equilibrium is always a minimum of the energy. The AP relative equilibrium first undergoes a Hamiltonian Hopf bifurcation to stabilize it as a saddle point of the energy, and then becomes a minimum energy point through a bifurcation to a saddle point T relative equilibrium. Similar phenomena have also been observed in a model for the hydrogen atom in crossed electric and magnetic fields 22 and in a Hamiltonian for two coupled angular momenta. 25 An approximate expression for the energies E(T k ) of the T k relative equilibria close to the P relative equilibrium can be obtained by substituting the standard small angle approximation for into Eqs. ͑7͒. If 2ϩkmӷ(mϪk) 2 this yields 2 Ϸ 2͉mϪk͉
and hence It is the modulus which creates the ''corner'' in the energymomentum curve at the P relative equilibrium. In this discussion we have treated the symmetric top as a two degree of freedom system parametrised by the integral of motion J Z ϭm. The relative equilibria are the critical points of the energy-momentum map (H/b,J z ) from the phase space of this system to the plane. The energymomentum diagrams are plots of the corresponding critical values. The fibers of the energy momentum map at noncritical values are two-dimensional tori. At the critical values they become singular. The singular fibers can be points ͑equilibria͒, circles ͑periodic orbits͒ or a pinched torus over the AP critical value when this value is isolated. This fiber is a homoclinic connection of the stable and unstable manifolds of the AP equilibrium. The point fibers are the P relative equilibria and the AP relative equilibria when they form part of the T k family. The circle fibers are the T k relative equilibria. The pinched torus is the fiber over the AP critical value when this is isolated from those of the T k family. The presence of this pinched torus implies that the torus bundle over a circle drawn round the AP critical value is nontrivial. [15] [16] [17] [18] We describe the quantum analog of this classical monodromy in Sec. III. A detailed description of the energy-momentum fibres and classical monodromy of the Lagrange top is given in Ref. 10 .
D. Pendular motion
With appropriate modifications the discussion above, treating the symmetric top as a two degree of freedom sys- tem parametrized by the integral of motion J Z ϭm, also works for asymmetric tops. Here we briefly recall the form the Hamiltonian takes when considered as a one degree of freedom system parametrized by the two integrals J Z ϭm and J z ϭk. Clearly this can only be done in the symmetric top case. The projections of the total angular momentum onto the molecular axes can be expressed in terms of Euler angles ͑,,͒ and their conjugate momenta (p , p ,p ). 41 In particular,
This substitution transforms the Hamiltonian ͑2͒ to the onedimensional form,
The corresponding dynamics in the effective potential
describes the nutational motion of the top. 40 For a given m, k, and the minimum of V eff is given by the T k relative equilibrium.
At high field strengths vibrations about these minima are referred to as pendular oscillations. The frequencies ⍀ pen of low amplitude oscillations can be estimated from the effective potential ͑14͒. In particular, for oscillations about T k when is small we obtain the approximation
For sufficiently large this in turn is approximated by
A thorough discussion of this family of one degree of freedom Hamiltonian systems is given in Ref. 10 .
III. QUANTUM SPECTRA
In addition to showing the energy-momentum values of the classical relative equilibria, Figs. 4, 5, and 6 also show the corresponding values of the quantum states. In this section we discuss some of the key features of these diagrams.
A. Good quantum numbers
A complete set of exact quantum numbers is obtained by supplementing k and m by the quantum number for the one-dimensional reduced Hamiltonian ͑13͒. This counts the nodes of the corresponding wave functions in the direction.
Quantum states with E/bӷ are given approximately by the free rigid body Hamiltonian H/bϭJ 2 ϩ(␥Ϫ1)J z 2 . For these states the total angular momentum J is approximately conserved and so they can also be labeled by (J,k,m). In this limit, the relationship between (J,k,m) and (k,m,) is given by Jϭ͉͑mϩk͉ϩ͉mϪk͉͒/2ϩ. ͑16͒ The energies of the quantum states in this limit are given approximately by
In this approximation each level is (2Jϩ1) times degenerate, the states within a given level set being labeled by m ϭϪJ,...,J. The relationship ͑17͒ is clearly visible in Figs. 4 and 5. For prolate molecules ͑Fig. 4͒ the high energy states with constant J form parabolas which curve upwards (␥ Ͼ1), while for oblate molecules ͑Fig. 5͒ they form parabolas which curve downwards (␥Ͻ1). The validity of the free rotor approximation is particularly apparent in Fig. 6 , where the energy levels for ␥ϭ0.8 and ϭ50 are plotted against both k for fixed mϭ2 and against m for fixed kϭ2. It is clearly seen that the top levels form almost straight lines. This signifies degeneracy in m because the levels project nearly to one point on the energy axis. For the lowest energy states with given quantum numbers k and m we can apply a quantum harmonic approximation to the one-dimensional system ͑13͒ to obtain the following estimate for their energies:
This in turn can be used to describe the quantum states that are localized near the P relative equilibrium. These are states with both ͉mϪk͉ and sufficiently small. When ͉mϪk͉ is small the angle is close to zero ͑see Fig. 1͒ and so the small angle approximations for E(T k ) and ⍀ pen provided by Eqs. ͑11͒ and ͑15͒ can be used to obtain
This is consistent with the classical analysis of the parallel relative equilibrium since its normal mode frequencies, given by Eq. ͑9͒, degenerate into those of a 2D isotropic oscillator in the strong field limit. Indeed, by analogy one can replace by a pendular quantum number nϭ2ϩ͉mϪk͉ ͑19͒
and so obtain the spectrum Although the approximate spectra given by Eqs. ͑17͒ and ͑20͒ are only valid for free and localized states, respectively, the labelling by quantum numbers (J,k,m) and (k,m,n) can be extended to all states by using Eqs. ͑16͒ and ͑19͒. Eliminating from these equations gives the relationship between J and n, nϭ2JϪ͉mϩk͉. ͑21͒
One may think of Eq. ͑21͒ as an extension, with the additional parameter k, to the similar relationship in the spherical pendulum model where it has the form nϭ2JϪ͉m͉ ͑see Ref.
12, Fig. 4͒ . The resulting constant J and constant n families of states are illustrated in Fig. 6 by solid and dashed lines, respectively. The constant J lines are smooth above the AP relative equilibrium, but have a kink below it. In other words, along the curves below the AP relative equilibrium the derivative of the energy with respect to k ͑or m) has a discontinuity at kϭϪm. A similar discontinuity occurs along the constant pendular number n curves above the AP relative equilibria.
B. Monodromy
The quantum effect of monodromy is illustrated in Fig.  6 , which shows the energy levels of a symmetric top with ␥ϭ0.8 in a field ϭ50. In the first panel the energy levels are plotted against k while the angular momentum projection onto the field direction is fixed at mϭ2. In the other panel the angular momentum projection onto the symmetry axis is fixed at kϭ2 while m is allowed to vary. Both diagrams illustrate the effect of translating a unit cell of the lattice of energy-momentum points about the AP relative equilibrium: the cell does not return to itself after a complete circuit. If an analogous operation is performed around a circuit that does not include the AP point then the cell would return to itself. It follows from this that there is no possible choice of quantum numbers which can work globally in the whole neighborhood around AP point. This phenomenon was first described for the quantum spherical pendulum by Cushman and Duistermaat, 21 for the champagne bottle potential by Child 13 and for the hydrogen atom in crossed fields by Cushman and Sadovskii. 22 A rigorous general account has been given by Vu Ngoc. 23, 24 A semiclassical analysis of the relationship between monodromy and the kinks in the constant J and constant n curves of quantum states is given in Refs. 12 and 13, Zhilinskii and Sadovskii have established a connection between monodromy and energy level redistribution 25 and described monodromy as a defect in the lattice of energy levels in the energy-momentum diagram.
When kϭ0 the Lagrange top degenerates to a system that is equivalent to the spherical pendulum. The plot of energy against m in this case is therefore the same as the diagram in Ref. 21 and Fig. 4 of Ref. 12, and is very similar to the mϭ0 diagram with energy plotted against k for oblate molecules shown in the first panel of Fig. 5 of this paper. All the kϭ0 and mϭ0 diagrams share the property that they have a reflectional symmetry and the AP relative equilibrium is a monodromy point lying on the axis of symmetry above the P relative equilibrium. However, as k or m is moved away from zero this reflectional symmetry is broken and the AP relative equilibrium moves towards the boundary curve consisting of T k relative equilibria. As described in Sec. II C the Hamiltonian Hopf bifurcation corresponds to the point where the AP relative equilibrium reaches the boundary curve and ''sticks'' to it. The AP relative equilibrium remains a classical monodromy point for as long as it remains iso-lated from the T k relative equilibria, and quantum monodromy can be observed provided there are enough quantum states surrounding the AP point to construct a family of unit cells. However after the Hamiltonian Hopf bifurcation both classical and quantum monodromy disappear and uniform labelling of quantum states by either of the sets of quantum numbers (J,k,m) or (k,m,n) is possible.
C. Quasisymmetric top
To observe the phenomena described above in a real quasisymmetric molecule it is necessary that they persist when the symmetry of the molecule is broken slightly. The main problem here is the construction of the energy level lattice or, equivalently, the definition of appropriate ͑approxi-mate͒ quantum numbers. One approach is to perturb away from the symmetric top molecule with the field turned on and label the quasi-symmetric states by the quantum numbers of the symmetric states they correlate back to. An example of this is given in Fig. 7 which shows the energy levels of a prolate symmetric top ͑as given in Fig. 4͒ together with the levels of an asymmetric top with similar rotational constants. Although there is some distortion to the lattice it is clear that the main qualitative features persist. In particular the region of pendular states seems to be almost unaffected by the perturbation and the pendular quantum number is still useful in the region of localization.
A second approach to constructing an energy level lattice for asymmetric molecules in an electric field is to perturb away from the zero field limit, while preserving the rotational constants, and label the perturbed states by the quantum numbers of the free rigid body states they correlate to. This is the approach taken in Ref. 9 and applied successfully to the quantum states of acetylene-HF in strong electric fields. Their pendular group number nϭ2JϪ͉M ϩ(Ϫ1) K a ͉, where ϭJϩ1ϪK a ϪK c , is completely analogous to our pendular number n given by Eq. ͑21͒. For the example of Fig. 7 this perturbation shows that the structure of the upper energy levels in the diagram is very close to the free rotation structure for a molecule with the same rotational constants.
Analogs of much of the classical skeleton described in Sec. II persist for general asymmetric rigid molecules in electric fields. In particular the P, AP, and T relative equilibria remain, though their bifurcations are different. 36 -38 Moreover the T k relative equilibria, which form the boundaries of the energy-momentum diagrams, persist as relative periodic orbits. In future work we hope to analyze the way these classical trajectories organize the quantum states of general asymmetric molecules.
D. Critical field strength
Figures 4, 5, and 6 given above present fixed m or fixed k slices through the total three-dimensional system of levels which lies over the (m,k) plane. If presented in this way, the AP relative equilibria form a line which passes through the three-dimensional energy level structure. 10, 11, 26 In this sense classical monodromy exists at any field strength E 0. However quantum monodromy will only be observable if the monodromy point is surrounded by a sufficient number of levels. In particular at least two levels should be located between P and AP relative equilibria when kϭmϭ0. This means that the energy of the first excited state, which is approximately 3ͱ2 above the parallel configuration, must be less than that of the AP relative equilibrium. Since the energy difference between P and AP relative equilibria is equal to 2, we obtain a field strength estimate of Ͼ4.5 for quantum monodromy to be observable.
The experimental value of achieved for C 2 H 2 -HF in Ref. 9 is 4.82, which is slightly above the critical value. However much greater values of have been achieved in a number of other recent experiments. For example, ϭ24.2 was obtained for the near prolate molecule C 6 H 5 I in a 20 kV/cm electric field, 7 and ϭ38 was achieved in a 57 kV/cm field for the near oblate molecule pyridazine. 8 Fields of up to 100 kV/cm have been reported in orientation experiments. 5 However large values of can also be achieved when rotational constants are small. A record value of ϭ365 has been obtained for the linear trimer (HCN) 3 with a field strength of about 30 kV/cm because of its extremely big dipole moment and very small rotational constant. 4 Although the monodromy effect has been demonstrated to exist in the rotation-vibration energy level structure of water 12 the monodromy point is located too high in energy to be experimentally accessible. The Stark field experiments give an occasion where quantum monodromy can be in reach of the modern experimental technique.
E. Localized states
We have shown elsewhere 33, 34 that relative equilibria can be used to obtain new approximations for the qualitative analysis of quantum levels. This can be done for any relative equilibrium but the most experimentally relevant for the Stark effect is the P relative equilibrium. Unlike our previous use of quantum harmonic approximation around classical relative equilibrium ͑see above and Refs. 33 and 34͒, here an approximate model will be derived directly from a quantum Hamiltonian.
The quantum Hamiltonian corresponding to Eq. ͑2͒ is obtained if J 2 and J z 2 are replaced by their respective operators. Assuming the solution has the form ⌿ ϭ⌽()exp(im)exp(ik), one obtains
͑22͒
Note that in fact the simple harmonic approximation used above ͓see Eq. ͑13͔͒ is almost identical apart from the second term in Eq. ͑22͒. Its effect is equivalent to adding a term to the effective potential V eff ().
Since we are interested in the states localized around P relative equilibrium we assume Ӷ1 and expand cos and sin around ϭ0. 
͑23͒
where lϭ͉mϪk͉. This is easily recognized as the standard radial form of an isotropic 2D oscillator. Also note that Eq. ͑23͒ is relevant for rotating quasilinear molecules, 43 which exhibit monodromy. 12 For the energy,
the corresponding wave function is
where N n,l is a normalization factor and L nϩl l (r 2 ) is the associated Laguerre polynomial of degree r 2n . Because exists in the region from 0 to the orthogonality condition holds only approximately
The probability distribution along is ͱ(/2)⌽ n,l 2 (ͱ 4 /2) with n peaks. Note that the n is essentially the same as that used in the harmonic approximation. The distribution becomes higher and narrower, shrinking to ϭ0, as the field increases, thus validating our strong field approximation. The total wave function is then
ͪ .
͑25͒
The line strength of a transition due to a permanent dipole moment ͑or transition moment͒ along the symmetry axis is equal to 41 S i j ϭ͉͗i͉sin cos ͉ j͉͘ 2 ϩ͉͗i͉sin sin ͉ j͉͘
The first two terms in the sum come from the ⌬mϭϮ1, ⌬kϭ0 transitions, which are proportional to the square of
The integral is nonzero and equal to nϩlϩ1 only when ⌬nϭ0. However the line strength decreases as 1/ͱ as the field grows. Other possible transitions, which arise due to the third term in Eq. ͑26͒, have selection rule ⌬mϭ0, ⌬kϭ0. These are proportional to the square of
Because of the orthogonality condition this integral is nonzero only when ⌬nϭ0, implying no changes at all to the quantum numbers. Thus a strong electric field completely destroys the pure rotational transitions between localized states. This should not come as a surprise, because it is physically clear that in a rotational transition a molecule must change the way it rotates, and a molecule in an oriented state is strongly prevented from doing so by the field. However the field does not suppress rovibrational transitions between the same n,m,k. Moore, Oudejans, and Miller 9 have given excellent examples of the changes induced by a strong electric field in the rovibrational spectrum. In Figs. 3 and 4 of that paper the calculated spectrum of the HF stretch in C 2 H 2 -HF is presented for different electric fields. When the field reaches 160 kV/cm all populated states in their simulation are localized and the spectrum has only distinct pendular features which are assigned pendular quantum numbers. The complex C 2 H 2 -HF can be considered a quasisymmetric molecule since B ϭ(BϩC)/2ϭ0.15 cm Ϫ1 ӷ(BϪC)/2ϭ0.01 cm
Ϫ1
and we may apply the above approximation to describe localized states. The frequency yields
where the subscripts 0 and 1 are used to distinguish the ground state and an excited state respectively. In the first approximation the spectrum degenerates to a single line at the vibrational frequency 1 . But in reality the dipole mo-ments and rotational constants in vibrational states are slightly different. Since 1 Ͼ 0 the Stark field gives a uniform linear red shift of the whole pendular band as the field increases. 9 In the next approximation there will be a series of equidistant pendular lines with different nϭ0,1,2,... . One can easily calculate the spacing between the lines at E ϭ160 kV/cm using the C 2 H 2 -HF constants given in Ref. 42 and the third term on the right-hand side of Eq. ͑27͒. This gives 0.072 cm Ϫ1 , which compares very favorably with the distance of approximately 0.07 cm Ϫ1 between pendular peaks seen in Fig. 4 of Ref. 9 . Note that the intensity of the simulated spectrum decreases with n due to thermal population.
IV. DISCUSSION
This paper has shown how relative equilibria organize the spectrum of a molecule in an electric field and that monodromy arises naturally in the problem of labelling the quantum states. The case of symmetric top molecules is particularly easy to analyze because it is integrable and so labelling is possible by exact quantum numbers. However the effect of monodromy seems quite robust and is likely to be observable even in moderately asymmetric molecules using quantum numbers obtained by correlation back to the symmetric case.
We have also shown that for symmetric tops Hamiltonian Hopf bifurcations provide a natural boundary to the parameter region in which monodromy exists. This phenomenon will also persist for quasisymmetric molecules. Moreover it seems likely that Hamiltonian Hopf bifurcations can be used to demonstrate the existence of monodromy in quantum states that are localized near relative equilibria even in systems that are globally far from integrable. To see this recall that linearly stable relative equilibria organize regular series of localized quantum states that can be labeled by quantum numbers derived from local integrable harmonic approximations to the Hamiltonian. 33, 34 Examples of this include pendular states of rigid molecules in electric fields which are far from the symmetric top or zero field integrable limits. This harmonic approximation can be extended beyond a Hamiltonian Hopf point at which the relative equilibrium loses stability by using a normal form approximation 28 which is again integrable and so introduces approximate conserved quantities and quantum numbers. For example, the normal form analysis of the rotating equilateral triangle relative equilibrium of H 3 ϩ ͑Ref. 33͒ near its Hamiltonian Hopf point shows that the vibrational angular momentum of the molecule is approximately conserved for the dynamics near the relative equilibrium, though of course it is not globally conserved. Using these approximate quantum numbers it should be possible to construct energy-momentum lattices which will have monodromy after the relative equilibrium has lost stability. Qualitatively the ''birth'' of monodromy in these cases will be the same as that demonstrated in Figs. 4 and 5 near the point where the AP relative equilibrium detaches itself from the curve of T k relative equilibria. In nonintegrable systems the T k relative equilibria are themselves replaced by a family of ͑relative͒ periodic orbits that bifurcates from the relative equilibrium.
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